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Research areas (essentially deterministic) O =

PDEs

Infinite-dimensional dynamics

Attractors, inertial manifolds, etc.

Navier-Stokes equations

Statistical solutions (random initial data, measure transport)
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Turbulence
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Recent stochastic interest Q

Stochastic models in epidemics (during the COVID-19 pandemic)

>

» Stochastic models in applied math in general
» Numerical approximations of Random ODEs
>

SDE-based Al generative methods in the assessment of reservoir
properties and ocean current predictions with ExxonMobil

» Stochastic Navier-Stokes equations for turbulence modeling
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Current PDE works with stochastic counterparts Q===

» Optimal minimax bounds for ensemble averages of the Navier-Stokes
equations

max / 8(u) dp(u) = Jnf, max(() + (F(a), W'()).

1 stationary
supp(p)CK test fn

for % = F(u) on phase space X; K C X compact; ¢ € C(K) :
» Conditions for the existence of energy and enstrophy cascades in 3D
and 2D Navier-Stokes equations

» Other stochastic Navier-Stokes problems (zero-noise limit, etc.)
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Today Q=

» “Strong order-one convergence of the Euler method for random
ordinary differential equations driven by semi-martingale noises”

Joint work with Peter Kloeden (University of Tiibingen, Germany)
ESAIM: M2AN, Volume 59, Number 6, November-December 2025

(reproducible Julia code)
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https://doi.org/10.1051/m2an/2025087
https://rmsrosa.github.io/rode_conv_em/dev/

Strong order of convergence e

Strong convergence means pathwise convergence for random variables but it
means convergence in mean for approximations of SDEs and RODEs:

» Consider a stochastic process {X;}¢
» Consider an approximation XJ-N of Xy at t; = jAty

» Method is of pathwise order p if there exists C = C(w) finite almost
surely such that

max || X (w) — X' ()]l < C(w)Aty,
J

» Method is of strong order p if there exists a constant C such that

maxE[[| X, — X[] < CAt]
J
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What is the story about that?

» Teaching theory and numerics for SDEs and RODEs (since 2022/1)
» lllustrating the efficiency of different methods (SciML - Julia lang)

——m
s o RKMil
' RI
10 .
R

Error (12)

> Wanted to illustrate strong order of convergence:

» strong order 1/2 of Euler-Maruyama for SDEs
» strong order 6 of Euler for RODEs

» Ok for SDEs
» Couldn’t find example for RODEs
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What is a RODE?

Types of differential equations
» ODE:

» SDE (It6 diffusion):
dXt = f(t,Xt) dt+g(t,Xt) th,

» RODE: X
t
— = f(t, X, Yt);
dt (7 ty t)y
> Extra driving terms

» SDE: white noise “dW,/dt" (specific and very irregular),
» RODE: noise process Y; (“arbitrary” but not so irregular).
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» When noise is not just an Ité noise... and can be computed exactly, e.g.

Ornstein-Uhlenbeck (colored noise) process
geometric Brownian motion

fractional Brownian motion

Transport process

Point process (Poisson, Hawkes, etc.)
time-changed Wiener process

vV vy vV v VY VY

~ — = Wiener
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Ornstein-Uhlenbeck approximates white noise

Ornstein-Uhlenbeck
7dOy = —dt + ¢ AW,

with statistics

2 2 _Jt—s|

t
-

E[O;] = Oge™T, Var(0;) = ;— Cov(0r, 05) = >—e

T

approximates a white noise as time scale 7 — 0 and ¢ — 1 (or v,0 — o0,
v/o — 1lin the usual v =1/7 and o0 = (/7).

05 05
00 00 [—ovr-19]
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E.g. population growth with random perturbation R

» ODE: deterministic specific growth
Mt = [
» SDE: growth perturbed by white noise

aw,
ut=u+adtt —  dX; = uX; At + o X, AW,

> RODE: growth perturbed by colored OU noise

dX
pe=p+00; = d—tt:(ﬂ+00t)xt

8 Jun 2026 11/40
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Actuarial risk model Q==
> Surplus Uy = Uy +~t — SN, G;; claims C; = S, C;, premium ~:
» Jump differential equation formulation: dU; = v dt — dC;
» Premium perturbed by white noise + stochastic interest rate R;

dUtL = (’)/+ RtUt) dt+€ th — dCt

> Write X; = Uy — C; — Oy with OU process dO; = —vO; dt + & dW,
» Get RODE model (R; being gBm or Vasicek)

dXt
Fra = Re Xt + Re(Ce + O¢) + v O + .
ol E7 = o
15 e N N
10 VJ,,‘VV'_->J R \///‘
ot M ‘W ,f rJ X )
' HJ‘"I’ d \J""IJ \1 u"/ 1hy M/\ \w/
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Earthquake ground-shaking model Q
» Mechanical structure (ceiling of a one-storey building)

Xt + 2C0w0Xt + ngt = _Mt
Xo=0, Xo=0

Building at time t = 0.324

0.02 0
: \w L
~0.02
-0.04
“ 00 05 1.0 15 20
. i
= 50 0
Z 0 «/\r“‘u“\(‘w‘ﬂj‘/u\f‘ i —
= -50
il
2 -150 L L
00 os o 15 20
. sl
1: N \i J\“M
0 —
-4 o 4 o I —
displacement 00 [ 1.0 15 20

» Ground motion M; = Zf—‘zl i(t — 17)2 et cos(wi(t — 7)),

(Or with M, white noite, Hawkes process, etc.)
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Toggle-switch gene-expression model e
> X; and Y; are protein products of interacting genes

dX Xt b*
t t _
dt = At+a4+4xf) (b4+ Yf) pxe,

4
%’%: Bt+ 4Y )( d )—I/Yt,
t

» a, b, c,d threshold parameters; i, A decay rates
» External (noise) activation parameters {A¢}+>0 and {B:}e>0 (e.g.
Compound Poisson and GBm)

5
A
e
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Random Fisher-KPP PDE QO e

» u = u(t,x) population density

ou 0%u u
Y (1— E)’ (£.%) € (0, 50) x (0, 1),
ou

ou
3X(t’0) t) 8X(t’ ) 07
» random incoming migrations Y; as a colored OU noise modulated by an

exponentially decaying Hawkes process
population density at time t = 1.422
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Convergence of the Euler method

Known before:
» ODE: typically order 1
» SDE (additive noise): order 1
» SDE (multiplicative noise): order 1/2
» RODE with 6-Hélder noise: order 0
Remarks:
» ODE is order 1 for smooth RHS 7(t, x)
» ODE is at least order 6 for f 6-Holder in time

» But noises have more structure than just pathwise Holder regularity...
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Looking for an example

Al fit with p = 0.99; 95% C1[0.95, 1.04]
@ strong errars
1072 L
1l
5 1wt
10—4 L
I L I
107t 107% 1077
At
> Example

X,
= WX,
dt t/\t

» Same with a few other equations and noises...
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Order of convergence - risk model

INSTITUTO DE MATEMATICA-
Universidade Federal do Rio de Janciro

——— cad” fitwith p = 0.99; 95% CI [0.9, 1.07]
@ strong errors

10

error

1077 w0t
At
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Order of convergence - Earthquake

INSTITUTO DE MATEMATICA-
Universidade Federal do Rio de Janciro

——— cat” fitwith p = 1.11; 95% CI [1.02, 1.19]
@ strong errors

1070 +

error

10705 b

i
10720 w0t
At
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Order of convergence - toggle switch model

INSTITUTO DE MATEMATICA-
Universidade Federal do Rio de Janciro

——— c'Ad” fit with p = 1.03; 95% CI [0.99, 1.08]
@ strong errors
1005 b
L.
[=]
-
5|
w
—1s |
10 L H . .
1078 w0 107 107%¢
At
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Order of convergence - random Fisher-KPP

INSTITUTO DE MATEMATICA-
Universidade Federal do Rio de Janciro

@ strong errors

| ——— cat’ fitwith p = 1.09; 95% C1 [0.98, 1.21] |

10°

error

10770 1wt
At

21/40
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Order of convergence - linear with “all” noises Q==

computed
theory

B R & &£ w < e

ax,

dt = ”YtH2Xt + VY
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Looking for help... P

SciML'’s julia language community
SciML: Open Source Software for Scientific Machine Learning with Julia © Edit on GitHub %

SciML: Differentiable Modeling and Simulation
Combined with Machine Learning ¢

The SciML organization is a collection of tools for solving equations and modeling systems developed in the Julia
programming language with bindings to other languages such as R and Python. The organization provides well-
maintained tools which compose together as a coherent ecosystem. It has a coherent development principle, unified

Overview of Julia's SciML

SciML: Open Source Software for APIs over large collections of equation solvers, pervasive differentiability and sensitivity analysis, and features many
Scientific Machine Learning with of the highest performance and parallel implementations one can find.
Julia

Scientific Machine Learning (SciML) = Scientific Computing + Machine Learning
© Where to Start?
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Looking for help... e

Peter Kloeden

Peter E. Kloeden
the Numerical Simulation Eckhard Platen
of Stochastic Differential Numerical Solution IR
Equations P onten f Stochastic Numerical

= Solution
Random Ordinary . of SDE Through
Differential Ex‘::?g:"g
Equations and P
Their Numerical
Solution

Desmond . Higham « Peter E. Kloeden

Qspringer

siam.

Ricardo M S Rosa Euler method for RODEs driven by semi-martingales



Fractional Brownian motion noise O:
» Covariance E[B,_EH)BS(H)] =3 (Jt]PH +|s|*H — |t — s]2H)
0 < H < 1/2: steps are negatively correlated (rougher)

» H =1/2: steps are not correlated (Wiener process)
1/2 < H < 1: steps are positively correlated (less rough)

Pathwise Hélder regularity |B{") — B{*)| < ¢|t — s|H—¢

Sample paths of fractional Brownian motion

v

v

v

“WJWvﬂ

’M,
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Order of convergence - linear equation with fBm Q== :
— — — expected
0.75 - 'E///

as0 | -

025 |
0.00
0.00 0z 050 o7s 100
H
dX; (H)
— =X+ B
dt T

[m] = =
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Order of convergence - RODE
» Consider solution {X;}; of RODE

dX;

P f(t, X, Ye)

» Approximation XJ-N of Xy at t; = jAty,
N N N
)<j+1 = )<J + f(t]?X] ) Ytj)At7

» Method is of pathwise order p if there exists C = C(w) finite almost
surely such that

max [ X () = X (w)| < C(w)aty

» Method is of strong order p if there exists a constant C such that

maxE[[| X, — X[] < CAt]
J
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Euler for RODEs
. X

dt

= f(ta Xta Yt)

o

INSTITUTO DE MATEMATICA-
Universidade Federal do Rio de Janciro

Ricardo M S Rosa

Euler method for RO

o F
driven by semi-martingales
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Euler for RODEs
dx;
> E - f(t7Xta Yt)

t+At
> Xt+At = Xt +/ f(S,XS, YS) ds
t

Ricardo M S Rosa

[m]

=
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Euler for RODEs
dx;
> E - f(t7Xta Yt)

t+At
> Xt+At = Xt +/ f(S,XS, Ys) ds
t

> th+At = th + f(tj,th, YtJ)At

Ricardo M S Rosa

[m]

=
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Euler for RODEs Q) omemm e

dX
> =X Y)

t+At
> Xivnr = Xe + / f(s,Xs, Ys) ds
t
> th+At - th + f(tj,th, YtJ)At

ti+At
> ;»ej:/ (F(s. Xe, Ye) — F(t, Xe,, Y2)) ds
t

"

8 Jun 2026 28/40
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Euler for RODEs Q) omemm e

dx
> d—tt = f(t, X, Yr)

t+At
> Xerar =X + / F(s, X5, Ys) ds
t
> th+At = th + f(tj,th, YtJ)At
tj—‘rAt
> ;»ej:/ (F(s, Xe. Ye) — F(t. Xe, ¥y)) dIs
t,

J
Error estimation

solution
16 - ©  Euler approximation
— —— linear interpolation -
~— — stepwise interpolation A
4

Jun 2026 28/40
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Euler for RODEs - Holder noise
dXt
dt

= f(t, X, Yt)

INSTITUTO DE MATEMATICA-

........................... o
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Euler for RODEs - Holder noise
dXt
dt

= f(t, X, Yt)

t+At
> Xt+At=Xt+/ (s, Xs, Ys) d
t

............................ o
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Euler for RODEs - Halder noise Qe

, X
> =X, Yy

t+At
> Xirar = Xt +/ f(s,Xs, Ys) ds
t
> Xerar =Xy + (), Xy, Yy )At
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Euler for RODEs - Halder noise Qe

, X
> =X, Yy

t+At
> Xirar = Xt +/ f(s,Xs, Ys) ds
t
> Xerar =Xy + (), Xy, Yy )At

ti+At
> ;xej:/ (F(s. Xe, Ye) — F(t, Xe,, Y2)) ds
t

"
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Euler for RODEs - Halder noise Qe

L X
dtt = £(t, X, Ye)

t+At
> Xirar = Xt +/ f(s,Xs, Ys) ds
t
| th-i-At == XtJ + f(tj,th, YtJ)At

tj+At
> ;xej:/ (F(, Xe, Ya) — F(t. Xey, ¥)) dIs
t,

"

» f and X; Lipschitz...
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Euler for RODEs - Holder noise

dX,
> d_tt = f(t,Xt, Yt)

t+At
> Xirar = Xt +/ f(s,Xs, Ys) ds
t
> th-i-At == XtJ + f(tj,th, YtJ)At

tj+At
> ;»e,—:/ (F(, Xe, Ya) — F(t. Xey, ¥)) dIs
t,

"

tj+At
» f and X; Lipschitz... = ¢ < / (Als — tj| + B|Ys — Ytj]) ds
t

J
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Euler for RODEs - Halder noise Qe

dX;
> — = f(t, X¢, Y
dt ( y /\ty t)
t+At
> Xirar = Xt +/ f(s,Xs, Ys) ds
t
>

th-i-At — XtJ + f(tj’th, YtJ)At

ti+At
> ;»e,—:/ (F(, Xe, Ya) — F(t. Xey, ¥)) dIs
t

"

tj+At
» f and X; Lipschitz... = ¢ < / (Als — tj| + B|Ys — Ytj]) ds
tj

> BUT {Y;}¢ is 6-Hlder
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Euler for RODEs - Halder noise Qe
dX;

> = f(t, X, Y,
dt ( y /\ty t)
t+At
> Xirar = Xt +/ f(s,Xs, Ys) ds
t
>

th-i-At — XtJ + f(tj’th, YtJ)At

ti+At
> ;»e,—:/ (F(, Xe, Ya) — F(t. Xey, ¥)) dIs
t

"

tj+At
» f and X; Lipschitz... = ¢ < / (Als — tj| + B|Ys — Ytj]) ds
tj

> BUT {Y:}¢ is 0-Holder = ¢; < At
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Euler for RODEs - Halder noise Qe

dX,
> d_tt - f(t7Xta Yt)

t+At
Xeynr = Xt +/ f(s,Xs, Ys) ds
t
th—i-At — XtJ + f(tj’th, YtJ)At

v

v

tj—‘rAt
> ;»e,—:/ (F(, Xe, Ya) — F(t. Xey, ¥)) dIs
t,

"

tj+At
» f and X; Lipschitz... = ¢ < / (Als — tj| + B|Ys — Ytj]) ds
£
> BUT {Y:}¢ is 0-Holder = ¢; < At
» Summing up the local errors:

=) 5> At S 0o(AL).
J J
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Euler for RODEs - Holder noise
%

> = f(t, X, Y,
dt ( y I\t t)
t+At
> Xivnr = Xe + / f(s,Xs, Ys) ds
t
>

Xyvar = Xy + (1), Xy, Yy)At
tj—‘rAt
> ol = / (F(s, Xe, Ys) — F(t;, Xe, V2)) ds
&

tj+At
» f and X; Lipschitz... = ¢ < / (Als — tj| + B|Ys — Ytj]) ds
£
> BUT {Y:}¢ is 0-Holder = ¢; < At
» Summing up the local errors:

=) 5> At S 0o(AL).
J J

» Hence strong convergence order § (Wang, Cao, Han & Kloeden (2021))
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Euler for RODEs - idea
dXt

= f(t, X, Y).

o

INSTITUTO DE MATEMATICA-
Universidade Federal do Rio de Janciro
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Euler for RODEs - idea Q=
d)it = f(t, Xz, Ye)-

ti+At
> iej-:/ (f(s, Xs, Ys) — f(t;, Xy, Yy,)) ds
t

J

] = = =
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Euler for RODEs - idea
dX
> d_t't = f(t,Xt, Yt)
tj+At
> ie_j:/ (f(saXSa YS)_f(tj7thaYtj)) ds
£
S

> f(S,Xs, Ys) — f(tj(s),th(s), Ytj(s)) = » )dFs

8 Jun 2026 30/40
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Euler for RODEs - idea Q

dX;
> —— = f(t, X¢, Yr).
dt (7 ty t)

tj-l-At
S g [ (X YO~ (5 X V) ds
tj
S
> f(s, Xs, Ys) — f(tj(s),th(s), Ytj(s)) - ( )dFS
fj s
» Global error:

t t s
- / ({5, Xs, ¥s) = £(£(5), Xsy(9), Yey(s))) ds = / / dF; ds
° 0 Jt(s)
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Euler for RODEs - idea Q

dX;
> —— = f(t, X¢, Yr).
dt (7 ty t)

tj-l-At
> :ej-:/ (f(s, Xs, Ys) — f(t;, Xy;, Yy,)) ds
£
S
> f(S,XS, Ys) — f(tj(s),th(S), Ytj(s)) = ( )dFS
ti(s
> Global error:

t t s
- / ({5, Xs, ¥s) = £(£(5), Xsy(9), Yey(s))) ds = / / dF; ds
° 0 Jt(s)

t rt(r)+At
= / / ds dF; (using Fubini)
0 Jr
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Euler for RODESs - idea O="==
dX;
> — = f(t, X¢, i)
dt (7 t t)

tj-l-At
> :ej-:/ (f(s, Xs, Ys) — f(t;, Xy;, Yy,)) ds
£
S
> f(S,XS, Ys) — f(tj(s),th(S), Ytj(s)) = ( )dFS
ti(s
> Global error:

t t ps
- / ({5, Xs, ¥s) = £(£(5), Xsy(9), Yey(s))) ds = / / dF; ds
° 0 Jt(s)
t rt(r)+At
= / / ds dF; (using Fubini)
0 Jr

_ /t(tj(T) +At—7) dF,
0
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Euler for RODESs - idea O="==
dX;
> — = f(t, X¢, i)
dt (7 t t)

tj+At
> :ej-:/ (f(s, Xs, Ys) — f(t;, Xy;, Yy,)) ds
£
S
> f(S,XS, Ys) — f(tj(s),th(S), Ytj(s)) = ( )dFS
ti(s
> Global error:

t t s
- / ({5, Xs, ¥s) = £(£(5), Xsy(9), Yey(s))) ds = / / dF; ds
° 0 Jt(s)

t rt(r)+At
= / / ds dF; (using Fubini)
0 Jr

t
= / (tj(r) + At — 7) dF; < CAt (Chain rule, It6 formula, etc.)
0
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Euler for RODESs - idea O="==
dX;
> — = f(t, X¢, i)
dt (7 t t)

tj+At
> :ej-:/ (f(s, Xs, Ys) — f(t;, Xy;, Yy,)) ds
£
S
> f(S,XS, Ys) — f(tj(s),th(S), Ytj(s)) = ( )dFS
ti(s
> Global error:

‘ t ps
- / ({5, Xs, ¥s) = £(£(5), Xsy(9), Yey(s))) ds = / / dF; ds
° 0 Jt(s)
t rt(r)+At
= / / ds dF; (using Fubini)
0 Jr
t
= / (tj(t) + At — 7) dF. < CAt (Chain rule, It6 formula, etc.)
0

» Hence order 1
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Euler for RODEs - I1t6 diffusion

» RODE augmented with SDE

dXt = f(t, Xt, Yt) dt
dYt = ,U/(t, Yt) dt + O'(t, Yt) th

Euler-Maruyama reduces to Euler for RODE part
Euler-Maruyama for additive noise o = o(t) is order 1
Milstein method is order 1

Milstein method reduces to Euler for RODE part

In any case, Euler is order 1

See Wang, Cao, Han, & P. Kloeden (2021)

vVvvyVvVvyypy
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Global error Q) e
» Actually work with the global error

t
Xy — XY =X - X§' +/0 (f(s, Xs, Ys) — f(ti, X, Y,)) ds

» The problematic term is the last one.
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Global error Q) e
> Actually work with the global error
t.
X — Xéy = Xg — Xév —i—/J (f(s, Xs, Ys) — f(ti, X, Y,)) ds
0

tj
ZXO—XSVJF/O (f(S,sty) F(T(s), Xon(s), TN(s))>

» The problematic term is the last one.
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Global error Q==
> Actually work with the global error
t.
Xy — é\’ = Xo— XJ —i—/J (f(s, Xs, Ys) — f(ti, X, Y,)) ds
0
£
= XO — Xév + / (f(S,XS, Ys) — f(’TN(S),XTN(S), YTN(S))) ds
0
N tj
— X — XN+ / (Fs. X6, ¥) = F(5 Xy, ¥5)) s
0
g N
n /0 (f(s, Xonsy: Vo) = F(s, XM ), Ys)) ds
g N N N
+A (f(S7XTN(S)7 YS) - f(T (S)’XTN(S)7 YTN(S))> dS,

» The problematic term is the last one.
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Euler for RODEs - Itd process noise
dX;

>

dt

INSTITUTO DE MATEMATICA-

f(t,Xt, Yt), where dYt = At dt + Bt th

............................ o

Ricardo M S Rosa

[m]

=

Euler method for RODEs driven by semi-martingales
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Euler for RODEs - Itd process noise Qe
dX;

> d_t = ]".(1:"Xt7 Yt), where dYt = At dt + Bt th

t
- / (F(5. Xe. Ye) — F(5(5), Xe 0, Yey(o)) ds (global error)
0
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Euler for RODEs - Itd process noise Qe
dX;

> d_t = ]".(1:")<t7 Yt), where dYt = At dt + Bt th

t
- / (F(5. Xe. Ye) — F(5(5), Xe 0, Yey(o)) ds (global error)
0

> (s, Xs, Ys) — £(1i(s), Xi(s): Ye(s)) = /( )AT dr +/ B. dw,
ti(s tj

Ricardo M S Rosa Euler method for RODEs driven by semi-martingales 8 Jun 2026 33/40



Euler for RODEs - Itd process noise Qe

dX
> d_tt = f(t, X¢, Ye), where dY; = A, dt + B, AW,

t
- / (F(5. Xe. Ye) — F(5(5), Xe 0, Yey(o)) ds (global error)
0

> (s, Xs, Ys) — £(1i(s), Xi(s): Ye(s)) = /( )AT dr +/ B. dw,
ti(s tj

t
> = /(; (f(S,Xs, Ys) — f(tj(s),th(s), Ytj(s))) ds
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Euler for RODEs - Itd process noise Qe

dX,
> dtt = f(t, X¢, Yt), where dY; = Ay dt + By dW,

b= / (F(5. Xe. Ye) — F(5(5), Xe 0, Yey(o)) ds (global error)
0
S S
> (s, Xe Vo) = F(5(5). X Vo) = | Acdr [ Boaw,
t

tj(s) j

t
> = /(; (f(S,Xs, Ys) — f(tj(s),th(s), Ytj(s))) ds

// A, d¢+/ B, AW, ds
t;(s)
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Euler for RODEs - Itd process noise Qe

dX,
> dtt = f(t, X¢, Yt), where dY; = Ay dt + By dW,

b= / (F(5. Xe. Ye) — F(5(5), Xe 0, Yey(o)) ds (global error)
0
S S
> (s, Xe Vo) = F(5(5). X Vo) = | Acdr [ Boaw,
t

tj(s) j

t
> = /(; (f(57XS? YS) - f(tj(s)’th(s)’ Ytj(s))) ds

// A, d¢+/ B, AW, ds
t;(s)
ti(T)+At t pti(r)+At
:// ATdeT+// B: ds dW;
0 Jr 0o Jr
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Euler for RODEs - Itd process noise

dX,
> dtt = f(t, X¢, Yt), where dY; = Ay dt + By dW,

- / (F(5. Xe. Ye) — F(5(5), Xe 0, Yey(o)) ds (global error)
0
S

> (s, Xs, Ys) — £(1i(s), Xi(s): Ye(s)) = / A, dr +/ B, dw;
t

tj(s) j

t
> ¢ :/0 (F(s, Xs, Ys) = £(t(s), Xi(s)» Yei(5))) ds

// A, d¢+/ B, AW, ds
t;(s)
ti(T)+At t pti(r)+At
:// ATdeT+// B: ds dW;
0 Jr 0o Jr

> = E[le] < (/Ot]E[IATI] dr + (/otIE[BT|2] dT) 1/2> At.
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Euler for RODEs - Noise with bounded variation @ ==

» Finite variation process:
f(s, XMeyr Yo) = F(TV (), XD o) Yon(s))

N(s)
N
+ /V)TN(S)+ Dyf(g, XTN(S)’ Yé‘—) dYé'
+ Z (f(f,)d\/lv(s), YE) - f(£7X7{\ll\l(s)’ Yg—)
TN(s)<€<s

~Dy (&, X[y Y&-)AY£> :

» Same idea, just use Fubini to get order 1, using fot | dYe| < o0
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Euler for RODEs - Noise semi-martingale Q=

vVvvyvVvYvyVvyVvyy

d(fif f(t, Xe, )

{Y:}+ semi-martingale

Y: = Yo + Ft + Z; (finite variation + local martingale)

Essentially combine the ideas

Use Fubini to move "irregularity"to large scales

Not smooth but integrable somehow

Get order 1

The “chain rule formula” (next slide) is more involved but it works...
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Global error via chain rule for semimartingales

tj
/ (f(s,XTA,’v(s), Ys) = £(7"(s), X ]l ), YrN(s))) ds
0
tj S
N
tj s
N

tj
‘|'/0 Z <f(faXTNN(5)a Y&) - f(faXTAll\l(sy Yg—)

TN(s)<€<s

0, e X Ve )YE)

s)’
+3/tj/s D, f(&, XN, .\, Ye-) d[Y, Y]Ed
2 0 N (s) Yy yNrN(s)) 1€ ’ 13 S

where [Y, Y]¢ is the continuous part of the quadratic variation of the
process.
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Main result
» RODE
X
dt
> f:1 xR x Rk with bounded derivatives 0;f, Dyf, Dyf, Dy, f
E[[Xoll] < o0

» Semi-martingale noise {Y;}:>0 in R, Yy = Yo + F; + Z¢, with
» E[|IYoll] < o0
» E [|Z7]2] < o0

» Get strong order 1 convergence:

= f(taXta Yt)

v

max E[th XN
j=0,..,.N !

} < cAty, VYNEN,

v

Can relax global conditions on f on bounded invariant regions

v

Can relax global conditions of f for pathwise approximations
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Fractional Brownian motion noise Qe
» Only done for the linear equation

aX;
dt
Same idea of using Fubini
But local error has a (t — s)"~1/2 kernel
This leads to an O(At + AtH+1/2) error
For H=1/2, fBm is Wiener, recover order 1
For 1/2 < H <1, it is smoother, also get order 1

For 0 < H < 1/2, get lower order H + 1/2 < 1, but still better than
previously know order H.

= —Xi + B§H)

vVvVvyyvyYVvyy

5
H
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e
% INSTTUTO D MATEMATICA
Outlook

General result for fBm (not just that linear equation)

Other non-semimartingale noises (e.g. Volterra stochastic noise)
Higher order methods for non-Ité noises

Random PDEs

Pathwise convergence (work with Luan Lima Freitas)

vVvYyyvyy
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INSTITUTO DE MATEMATICA
Universidade Federal do Rio de Janciro

Thank you!
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